Abstract: Cardiovascular diseases which include atherosclerosis, are one of the main cause of death in the industrialized world. The most common treatment method for these diseases is a cardiovascular stent. The problem is governed by a set of linear partial differential equations with appropriate boundary conditions. A semi-discrete Chebyshev spectral collocation method aims to find numerical solutions for the reduced unsteady 2-dimension problem of drug release from the stent. The scheme uses the Chebyshev spectral collocation method to approximate the space derivatives and an analytical solution for temporal space. Numerical solutions were carried out on the concentration of the drug in the wall of the tissue. The drug release profile provides important information about its effect on the delivery of therapeutic agents to the vessel wall. For simplicity, one shape of stent and their surrounding normal tissues are selected, and Fick law was employed. The results suggest that the profile of the drug release from the stent has a 2 dimensional hyperbolic shape. Numerical analysis of the error and the rate of convergence of the scheme are also discussed. The proposed scheme is simple to set up, efficient to implement and requires less computational costs than other methods available.
Introduction
Atherosclerosis is one of the main cardiovascular diseases which lead to death. It causes a reduction of blood flow in the muscles, tissue and other crucial organs by narrowing or blocking the arteries and may be caused by heart failure. One way to improve the treatment of atherosclerosis and coronary artery disease is to carry out percutaneous transluminal coronary angioplasty surgery and to use cardiovascular stents for release of the anti-thrombus drug of the vessel. Suitable controlled drug delivery depends on many factors, which include the physicochemical properties of the drug, duration of release, and the release profiles [1] . Different mathematical models and numerical simulation techniques have been used for releasing drugs. Hose et al. [9] used a model which explored the use of ANSYS for the model of the process of drug delivery through the vessel wall. Hwang et al. [10] applied the reduced model in cylindrical coordinates by using finite difference method. Varshney et al. [14] used a realistic model, which takes into account the structure of the material that forms the layer of the stent, with a polymeric topcoat to slow down the drug release process from the stent to the artery wall. They applied finite difference method to solve equations for the delivery of drug from a drug eluting stent (DES). Borghi et al. [3] used the finite element approach of a hydrophilic model to release drug from a coronary stent into an arterial wall by adopting an axi-symmetric model of a single stent structure. D'Angelo and Zunino [2] worked on the same model and used non-uniform spacing for the generation of the mesh. In particular, the central section was subdivided by means of variable of tetrahedrons. To solve the governing equations, they applied the commercial solver Fluent based on finite volume schemes. Minicini [12] solved the reduced model by using finite element method. She described various factors that affect the drug release from a DES. Zunino et al. [4] described a model for DES; and they used commercial code ABAQUS/Explicit v: 6:4 1 to discretize and solve it. Ferreira et al. [6, 7] investigated the same model with different parameters and boundary conditions. McGinty and McKee [11] solved this model analytically and compared their results with experimental data via an inverse problem. They attempted to uncouple and estimate both the coefficient of the drug diffusion in the tissue and the convection parameter. In this paper, we are going to solve a reduced realistic model by adopting a spectral collocation method in spatial discretizaton and analytical solution in temporal discretizaton. We used the Gauss-Lobatto points as collocation points and the Chebyshev functions as trial functions. The concentration of drug in the artery wall will be calculated.
Materials and Methods

Governing Equations
In the modeling of the drug release systems, some of the parameters are more important and more effective. These include [12] :
2. Drug properties and textural characteristics; 3. Drug delivery system used as coating of the stent.
The drug release system can be modeled as follows, the reduced system is state for t ∈ (0, T ):
Hereafter we will use this as the basic model.
Discretization in Space and Time
Spatial Discretization using Chebyshev Collocation Method
In this method, we will use the strong form of Eq. (1). It is implemented by applying Chebyshev functions on Sobolev space H 2 and using the GaussLobatto points, as follows [5] :
It should be noted that the arrangement of the points is 1, · · · , −1. This means that they are x 0 = 1 and x N = −1 and that there are other points between them. The closed forms are the first and second derivative matrices respectively, and they are shown as follows with (D N ) jl and (D
N ) jl , [5] :
, j = l = N,
It is worth noting that the Chebyshev polynomials satisfy
Figure 1: Schematic representation of the stent inside the arterial wall that is covered with the coating uniformly [12] .
As shown in Fig. 2 , the normal vector on boundaries Γ adv and Γ only have components in the direction of the x-axis. Consequently, Eq. (1) states that:
together with the boundary conditions:
Under these circumstances, the concentration function at point (x, y) is:
where
The first and second order partial derivatives of a in the directions of x and y are:
where the values of ψ ′ and ψ ′′ are obtained from component matrices D jl and
jl . In order to begin spectral discretization, we considered an XY-cross section of the stent as is shown in Fig. 2 . We discretized it into two spatial dimensions. We transferred the physical domain at an interval [-1,1] in each direction, as we used Chebyshev trial functions. Using a convenient transform function, the partial derivatives of a in the direction of ξ and η and on the interval [-1,1] are as follows: 
Discretized expansion and partial derivatives of a in terms of Chebyshev expansion functions are given by:
Thus, Eq. (5) can be written as:
By replacing discretized relation associated with a and its partial derivatives in Eq. (11) at collocation points (ξ p , η q ) and according to Eq. (8), the following form can be achieved:
In the collocation method, the boundary conditions play a key role in the problem-solving process in general. In this method, we should use the related boundary equations in the boundary points. We now consider the boundary conditions of problem (1) . For an XY-cross section of stent, as is shown in Fig. 2 , a normal vector only has components in the direction of the y-axis. Therefore, we could write the boundary conditions as follows:
Eqs. (14) and (15) are both first order ordinary differential equations with respect to x. Therefore, they can be solved analytically easily. We use these analytical solutions to find the value of a at boundary points. The only unknowns are interior points. By setting the boundary values in problem (5), we will have:
Eq. (16) is an ordinary differential equation system in terms of time which has (N 1 × N 2 ) × (N 1 × N 2 ) dimensions of space. Eq. (16) can be written in matrix form as:
where S is the coefficient matrix, a is the concentration vector, which is unknown, and r contains the right-hand side of the system and includes the boundary values.
Temporal Discretization
Consider matrix form (17). The analytical solution of this equation is given by [13] :
Hence,
Inserting Eq. (18) into Eq. (19) yields:
Here we use the expm function of MATLAB to approximate the exponential function i.e. e dtS that works more efficiently than other methods.
Results and Discussion
In order to demonstrate the accuracy and efficiency of the proposed scheme, we consider the problem of the drug concentration in the artery wall. In the ideal release profile, the release rate is constant within a specified period of time. The most commonly used formulation design strategies employ diffusion and or dissolution as the rate-limiting step. Though, little information exists about the actual drug release from the stent into the vessel wall, generally both mechanisms contribute to the alteration of the release profile. Theoretically, the drug release from a unit dose is governed by Fick's law of diffusion, where the flux of a drug across a surface, such as a stent, is proportional to the concentration gradient of the drug along the diffusion path. The results of our study confirm this. The governing equation, as described previously, is Eq. (11), together with the boundary conditions (14) and (15). The geometric parameters of the stent and artery wall, as well as the diffusion parameters are given in Table 1 . The computed mass of drug in the artery wall during the first 7 days are shown in Figs. 3, 4 and 5 for ∆t = 0.5 and N = 9, N = 18 and N = 36, respectively. We may use the computed solution for N = 36 as a reference that is approximate to the exact solution since it is so accurate when compared with the results other studies and available information. It is therefore possible to compare the computed solutions for N = 9 and N = 18 with the approximate solution for N = 36. Tables 3 and 4 represent the absolute error of the scheme by setting the time step ∆t = 0.5 between the approximate solution for N = 36 and the approximate solutions for N = 9 and N = 18, respectively. The absolute error between the approximate solutions for N = 9 and N = 18 is demonstrated in Table 2 . The maximum of absolute error in these tables are in the order of 4, 4 and 7, respectively. As can be seen, the maximum error in all three tables occurs at the hour k = 168, which indicates that the errors' behavior is the same as the solution. The computed rate of convergence, because of the three different meshes, is in the order of O(h 13.0 ) where, h is the mesh size. Ferreira [6] and Zunino [4] addressed the behavior of the concentration in the artery wall. Comparisons demonstrate a good agreement between the presented study and their results. However, they used a mesh grid much more than we used in this case. Table 3 : The absolute error of mass drug using the scheme for N = 9, 36 within the first 168 hours.
